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In typical efficiency analysis, a firm’s performance is evaluated by using the most favorable ‘shadow prices’

that maximize the firm’s ratio of total output value to total input value. Though such an approach is useful

when the information on prices is unknown, it neglects that prices are determined by a process that equates

supply and demand, reflecting consumers’ preferences.

In this paper, we present procedures that evaluate firms’ efficiency by market equilibrium prices, which

incorporate consumers’ preferences. Our procedures first characterize the set of all equilibrium prices by

using a Fisher market model and convex programming duality. Then, equilibrium prices are used to evaluate

the efficiency scores of firms so that the resulting scores exhibit consumers’ preferences. We propose two

ways to incorporate preference information, each of which uses utility functions or expenditure functions.

1 INTRODUCTION
Measuring input-output efficiency is an important practice for firms or any production units

to remedy the cause of production inefficiency and to implement a strategic plan to improve it.

Conventional analyses like Data Envelopment Analysis (DEA) [1, 4] evaluate a firm by using the

most favorable ‘shadow prices’ that maximize the firm’s ratio of total output value to total input

value. However, in both real and theoretical markets, prices are adjusted by some process that

equates supply and demand of goods. More specifically, the item of high-demand gets highly-priced,

but low-demand gets lowly-priced. Therefore, using favorable prices for evaluation may result in

inaccurate measurements of efficiency in both a practical and theoretical sense.

To resolve this issue, we present procedures for incorporating consumers’ aggregate utility into

the Data Envelopment Analysis framework. We introduce a Fisher market model with production

and convex programming duality, by which we will characterize the set of all equilibrium prices.

Our framework is motivated by a line of works [5–7, 9, 10], where convex programs are formulated

for computing Fisher market equilibria. In this study, the equilibrium prices are used to measure

the input-output efficiency of each firm. Hence, the resulting efficiency scores are ones attainable

at an equilibrium in a competitive setting.

Notation. Any variable takes a real number and is denoted by a lowercase letter (e.g., 𝑥 ). A vector of

real numbers is denoted by a bold font letter, e.g., x = (𝑥1, . . . , 𝑥𝑛)𝑇 . The notation x ≥ 0 means all

the components of x are non-negative, i.e., 𝑥 𝑗 ≥ 0, 𝑗 = 1, . . . , 𝑛.

1.1 Previous work
One of the most popular tools for input-output efficiency is Data Envelopment Analysis. Suppose

we know that firm 𝑖 = 1, . . . ,𝑚 transformed inputs 𝑋𝑖 ∈ R𝑟
++ into outputs 𝑌𝑖 ∈ R𝑠

++, previously.
The classical DEA model suggested by Charnes, Cooper, and Rhodes [4] (called the CCR model)

evaluates the input-output efficiency of a firm (say firm 0) by solving

max

q𝑇𝑌0
p𝑇𝑋0

s.t.

q𝑇𝑌𝑖
p𝑇𝑋𝑖

≤ 1, 𝑖 = 1, . . . ,𝑚,

p ≥ 0, q ≥ 0.

(1)

∗
soobin.re@gmail.com

This working draft is posted at the author’s website for personal uses of participants at the EC2020 conference (not for
distribution). This manuscript sketches main ideas and results, omitting rigorous proofs and technical details. The final draft
would contain all the omitted details. (last update: July 8th, 2020)



Soobin Choi 2

Here, the variables p ∈ R𝑟
+, q ∈ R𝑠

+ are said to be shadow prices or ‘virtual prices.’ Therefore, we

can say that the model measures the virtual ratio of outputs value to inputs value. The constraint

prohibits any firms from achieving an efficiency greater than 1. The efficiency measured by the

CCR model is often said to be maximal in that firm 0 can freely choose the favorable prices that

maximize its efficiency score.

A linear transformation of linear-fractional programming (see [2]) yields a linear programming

model equivalent to (1):

max q𝑇𝑌0
s.t. q𝑇𝑌𝑖 ≤ p𝑇𝑋𝑖 , 𝑖 = 1, . . . ,𝑚,

p𝑇𝑋0 = 1,

p ≥ 0, q ≥ 0.

(2)

Among others, we can see two advantages of the CCR model: being formulated by linear program-

ming, the CCR model is easy to compute; and the CCR model does not require a priori information

on prices (which may be hard to acquire in practice).

However, there are several drawbacks to the standard DEA models. First, as we have mentioned,

freely chosen prices may not be observed in both reality and theoretical market models. Besides,

every firm uses different prices in the DEA models, which makes it hard for practitioners to figure

out the meaning of prices. Second, it has been observed that a relatively large portion of firms gets

the highest efficiency score 1 in the conventional DEA. Due to the flexibility of choosing prices,

firms can easily find prices that make them efficient. This low “discrimination power” issue occurs

in many applications, making pairwise comparisons between firms implausible.

To overcome the pitfall mentioned above, there have been attempts to develop price refinement

or restriction techniques. Some methods construct an “assurance region" of prices, which imposes

on upper and lower bounds of the ratio between prices [12]. The assurance region can be defined

by alternative ways, e.g., by restricting prices to be in a polyhedral cone [3]. There are also a

framework called the “value efficiency" analysis [8], in which value functions are approximated by

the practitioner’s most preferred input-output combinations. The value functions are utilized to

measure the value efficiency of each production activity.

1.2 Contribution
Based on the CCR DEA model, this study provides a framework to incorporate consumers’ pref-

erences via market equilibria. Since our approaches are based on convex programming, they are

easy to compute like DEA models. Our framework provides two ways to incorporate consumers’

preferences, each of which uses utility functions or expenditure functions. Thus, our approaches

can apply to either case where the preference is represented by ‘primal’ or ‘dual’ information. Our

framework is similar to the assurance region method in that we characterize a set of prices for

efficiency measurement. However, our approaches are different from the generic assurance region

method in that we do not impose on bounds of the ratio of prices, but use equilibrium character-

izations for price refinement. Our approach is similar to the value efficiency analysis in that we

use preference information. However, compared to the work [8], our framework uses preference

information in an indirect manner. More specifically, rather than directly evaluate a production

activity by using consumers’ preferences, we use the information to extract the representation of

equilibrium prices and then this representation is used for evaluation.

The remainder of this paper is organized in this way. In the next section, we formally state our

Fisher market model and equilibrium conditions. In Section 3, we analyze the convex programming

duality of the market model. In Section 4, we show how to represent the set of all equilibrium

prices. We also formulate models to measure input-output efficiency by using the equilibrium
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representation. We provide interpretations and an illustrative example in Section 5. This paper

ends with a conclusion in Section 6.

2 THE MARKET MODEL
We introduce a variant of the Fisher market model, of which equilibrium prices will be applied to

measure input-output efficiency. In our model, we assume that inputs used by firms are supplied by

some sources other than firms or consumers. As well, we assume that consumers are only interested

in buying outputs. What follows is the formal setting of our market model.

2.1 Setting
2.1.1 Production side. We assume that there are firms 𝑖 = 1, . . . ,𝑚 to be evaluated. We suppose (as

previously) that for some period, firm 𝑖 converted inputs 𝑋𝑖 ∈ R𝑟
++ into outputs 𝑌𝑖 ∈ R𝑠

++; that is,
we have data (𝑋𝑖 , 𝑌𝑖 ), 𝑖 = 1, . . . ,𝑚. Applying ‘conic-hull’ to the dataset, we obtain the production
possibility set 𝑇 :

𝑇 = {(x, y) ∈ R𝑟
+ × R𝑠

+ : x ≥
𝑚∑
𝑖=1

_𝑖𝑋𝑖 , y ≤
𝑚∑
𝑖=1

_𝑖𝑌𝑖 , _1, . . . , _𝑚 ≥ 0}. (3)

This construction was suggested by Charnes, Cooper, and Rhodes [4]. (See [1] for another famous

construction.) We assume that all firms have the same production opportunities, i.e., all firms use

the same production possibility set 𝑇 .

Note that 𝑇 exhibits constant returns to scale (CRS), i.e., if (x, y) ∈ 𝑇 , then (𝛼x, 𝛼y) ∈ 𝑇 for

any scaler 𝛼 ≥ 0. The CRS property implies that 𝑇 = 𝑚𝑇 . This, in turn, implies that the optimal

behavior of each firm (which uses 𝑇 ) for given prices is, in fact, equivalent to that of the aggregate

firm or the representative firm that utilizes𝑚𝑇 . Through this paper, we thus only consider the

activity of the representative firm.

For similar but different treatments of production in the context of Fisher market computing, see

[9, 10].

2.1.2 Consumption side. We assume that there are consumers 𝑙 = 1, . . . , 𝑛 who buy outputs

produced by firms. Each consumer’s choice of bundle and utility function are denoted by z𝑙 =

(𝑧𝑙1, . . . , 𝑧𝑙𝑠 )𝑇 ∈ R𝑠
+ and 𝑢𝑙 : R𝑠

+ → R+. We assume that 𝑢𝑙 s are concave and homogeneous degree 1
(or shortly, homogeneous), i.e., 𝑢 (𝛼z𝑙 ) = 𝛼𝑢 (z𝑙 ) for any scalar 𝛼 ≥ 0. We also assume that 𝑢𝑙 s are

differentiable, unless otherwise stated. However, we will also deal with non-differentiable utility

functions. Finally, each consumer has a budget 𝐵𝑙 > 0 for buying outputs. Consumers aim to

maximize their utilities under their budget constraints.

In some applications, practitioners may consider “aggregate consumers” rather than individual

ones. In such a case, the index 𝑙 denotes a segment of consumers, and 𝐵𝑙 means the total money

that consumers in segment 𝑙 possess. In fact, 𝐵𝑙 s do not need to represent the wealth of consumers;

𝐵𝑙 s can be used as importance weights of consumers or segments for practical reasons.

2.2 Market equilibrium
As mentioned earlier in this section, the inputs used by firms are supplied by some sources other

than both firms and consumers. We denote the total supply of inputs by𝑊 ∈ R𝑟
++. A natural choice

of𝑊 might be

∑𝑚
𝑖=1𝑋𝑖 , but other choices are available with reasonable justification.

Now we formally define market equilibrium: a vector pair (p∗, q∗; x∗, y∗; z∗
1
, . . . , z∗𝑛) is said to be a

market equilibrium if it satisfies the following equilibrium conditions:
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(a) utility maximization of consumers

z∗
𝑙
∈ argmax{𝑢𝑙 (z𝑙 ) : p∗𝑇 z𝑙 ≤ 𝐵𝑖 , z𝑙 ≥ 0}, ∀𝑙 . (4)

(b) profit maximization of firms

(x∗, y∗) ∈ argmax{q∗𝑇y − p∗𝑇 x : (x, y) ∈ 𝑇 }. (5)

(c) market feasibility

x∗ ≤𝑊 ;

∑𝑛
𝑙=1

z∗
𝑙
≤ y∗ . (6)

(d) balance between supply and demand

p∗𝑇 (𝑊 − x∗) = 0; q∗𝑇 (y∗ −∑𝑛
𝑙=1

z∗
𝑙
) = 0. (7)

Here, (p∗, q∗) is called equilibrium prices and the pair of vectors (x∗, y∗; z∗
𝑙
, 𝑙 = 1 . . . , 𝑛) is called an

equilibrium allocation. The conditions (a) and (b) describe the optimal behavior of consumers and

firms in the market. The condition (c) says that demands cannot exceed supplies. The condition

(d), which is often referred to as Walras’s law, implies that at an equilibrium, the total values of

demands and supplies are equal.

3 EQUILIBRIUM VIA CONVEX PROGRAMMING
There have been many results that show convex programs yield market equilibria for the Fisher

market model [6, 7] and also for its variants embodying production [9, 10]. Like previous studies,

we utilize convex programming to characterize market equilibria.

3.1 Primal convex program
We first consider the following convex program:

max

𝑛∑
𝑙=1

𝐵𝑙 log𝑢𝑙 (z𝑙 )

s.t.

𝑚∑
𝑖=1

_𝑖𝑋𝑖 ≤𝑊,

𝑛∑
𝑙=1

z𝑙 ≤
𝑚∑
𝑖=1

_𝑖𝑌𝑖 ,

_𝑖 ≥ 0, ∀𝑖,
z𝑙 ≥ 0, ∀𝑙 .

(8)

Note that the objective function aggregates the log-transformed utilities of consumers with their

budgets. Also, note that we may consider x =
∑𝑚

𝑖=1 _𝑖𝑋𝑖 and y =
∑𝑚

𝑖=1 _𝑖𝑌𝑖 . Then, the problem can

be stated as maximizing an “aggregate utility” function over the production possibility set 𝑇 under

the supply of inputs𝑊 . Note that since log𝑢𝑙 s are concave, the above problem is, indeed, a convex

program.

Eisenberg and Gale [7] show that, in their model with no production, an allocation of items that

maximizes the aggregate utility function is an equilibrium allocation. As well, they show that dual

solutions associated with allocation constraints represent equilibrium prices. The same argument

works for our model. Let us denote the dual variables associated with the four constraints of (8) by

p ∈ R𝑟
+, q ∈ R𝑠

+, b𝑖 ∈ R+, 𝝁𝑙 ∈ R𝑠
+, in sequence. The KKT conditions of (8) capture market equilibria.
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3.1.1 KKT conditions of (8).

(a) Stationarity:

(𝐵𝑙/𝑢𝑙 (z𝑙 ))∇𝑢𝑙 (z𝑙 ) − q + 𝝁𝑙 = 0, ∀𝑙,
q𝑇𝑌𝑖 − p𝑇𝑋𝑖 + b𝑖 = 0, ∀𝑖 .

(b) Primal feasibility: ∑𝑚
𝑖=1 _𝑖𝑋𝑖 ≤𝑊,∑𝑛
𝑙=1

z𝑙 ≤
∑𝑚

𝑖=1 _𝑖𝑌𝑖 ,

_𝑖 ≥ 0, ∀𝑖,
z𝑙 ≥ 0, ∀𝑙 .

(c) Dual feasibility:

p ≥ 0, q ≥ 0, b𝑖 ≥ 0, ∀𝑖, 𝝁𝑙 ≥ 0, ∀𝑙 .
(d) Complementary slackness:

p𝑇 (𝑊 −∑𝑚
𝑖=1 _𝑖𝑋𝑖 ) = 0,

q𝑇 (∑𝑚
𝑖=1 _𝑖𝑌𝑖 −

∑𝑛
𝑙=1

z𝑙 ) = 0,

b𝑖_𝑖 = 0, ∀𝑖; 𝝁𝑇
𝑙
z𝑙 = 0, ∀𝑙 .

We can prove that solving the above KKT system is equivalent to finding market equilibria

(Proposition 3.1.(iv) in the next subsection; we omit the proof). Using this fact, we will develop

dual convex programs that compute equilibrium prices. Our dual programs, which integrate the

production side, extend those of Cole et al. [5].

3.2 Dual convex program
Before we derive the dual convex program of (8), we introduce the concept of expenditure functions.
Given a utility function 𝑢 and output prices q, let’s consider the following function:

𝑒 (q; 𝑣) = min{q𝑇 z : 𝑢 (z) = 𝑣}. (9)

Note that the function 𝑒 , which is called the expenditure function of 𝑢, represents the minimum

money for acquiring utility 𝑣 at prices q. One can easily show that for a homogeneous utility 𝑢,

𝑒 (q; 𝑣) = 𝑣𝑒 (q, 1). We abbreviate 𝑒 (q, 1) by 𝑒 (q), which describes the expenditure for unit utility.

As well, one can show that 𝑒 (q) is concave in q. Using expenditure functions, we can formulate the

dual convex program of (8):

min p𝑇𝑊 +
𝑛∑
𝑙=1

(𝐵𝑙 log𝐵𝑙/[𝑙 − 𝐵𝑙 )

s.t. q𝑇𝑌𝑖 ≤ p𝑇𝑋𝑖 , ∀𝑖,
𝑒𝑙 (q) ≥ [𝑙 , ∀𝑙,
p ≥ 0, q ≥ 0, ∀𝑖,
[𝑙 ≥ 0, ∀𝑙,

(10)

where p, q, [𝑙 are variables. This formulation is a production-augmented version of the dual convex

programs in [5]. Due to the dual formulation (10), if we have a direct access to expenditure functions,

then we don’t need to know about utility functions. We note that deriving the above dual does not

rely on the differentiability of utility functions.

We note that an analysis via the KKT conditions proves the following.

Proposition 3.1.

(i) If (x∗, y∗; z∗
1
, . . . , z∗𝑛) is an equilibrium allocation, then it solves (8), and vice versa.

(ii) If (p∗, q∗) is equilibrium prices, then it solves (10), and vice versa.
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(iii) Any pair of optimal solutions of (8) and (10), say (x∗, y∗; z∗
1
, . . . , z∗𝑛) and (p∗, q∗), forms a market

equilibrium.
(iv) Anymarket equilibrium (p∗, q∗; x∗, y∗; z∗

1
, . . . , z∗𝑛) corresponds to a solution to the KKT conditions

of (8), and vice versa.

Note that in the proposition, if we are given (x∗, y∗), then we can easily find _∗
1
, . . . , _∗𝑚 ≥ 0 such

that x∗ =
∑𝑚

𝑖=1 _
∗
𝑖 𝑋𝑖 , y∗ =

∑𝑚
𝑖=1 _

∗
𝑖 𝑌𝑖 . That is, having x∗, y∗ is equivalent to knowing _∗

1
, . . . , _∗𝑚 . We

also mention that Proposition 3.1.(iii) implies the “interchangeability” of equilibrium allocations

and equilibrium prices. That is, if we have two market equilibria, say (p∗, q∗; x∗, y∗; z∗
1
, . . . , z∗𝑛) and

(p′, q′; x′, y′; z′
1
, . . . , z′𝑛), then the two pairs (p∗, q∗; x′, y′; z′1, . . . , z′𝑛) and (p′, q′; x∗, y∗; z∗1, . . . , z∗𝑛) are

also market equilibria.

Our next step is to identify all market equilibrium prices and then apply them for performance

evaluation.

4 EVALUATION OF FIRMS’ EFFICIENCY
We present three models for measuring input-output efficiency, incorporating two different modes

of consumers’ preferences: utility functions and expenditure functions.

Roughly speaking, our methods evaluate the efficiency of firm 0, 𝐸0, by

𝐸0 = max{q𝑇𝑌0/p𝑇𝑋0 : p, q are equilibrium prices}. (11)

If 𝐸0 = 1, then firm 0 is said to be efficient. Our analysis will show that no firm can achieve an

efficiency greater than 1, as is the case of the CCR DEA model.

4.1 Utility functions
If we know all the utility functions, then we can solve the primal convex program (8) and obtain an

optimal solution z∗
1
, . . . , z∗𝑛 and _∗

1
, . . . , _∗𝑚 . As a first step toward identifying all equilibrium prices,

we plug the solution into the KKT conditions, and then have

(U1) (𝐵𝑙/𝑢𝑙 (z∗𝑙 ))∇𝑢𝑙 (z
∗
𝑙
) − q + 𝝁𝑙 = 0, ∀𝑙

(U2) q𝑇𝑌𝑖 − p𝑇𝑋𝑖 + b𝑖 = 0, ∀𝑖
(U3) p𝑇 (𝑊 −∑𝑚

𝑖=1 _
∗
𝑖 𝑋𝑖 ) = 0

(U4) q𝑇 (∑𝑚
𝑖=1 _

∗
𝑖 𝑌𝑖 −

∑𝑛
𝑙=1

z∗
𝑙
) = 0

(U5) b𝑖_
∗
𝑖 = 0, b𝑖 ≥ 0, ∀𝑖

(U6) 𝝁𝑇
𝑙
z∗
𝑙
= 0, 𝝁𝑙 ≥ 0 ∀𝑙

(U7) p ≥ 0, q ≥ 0

(12)

where p, q, 𝝁𝑙 , b𝑖 are variables. Note that the above is a linear system.

Note that by Proposition 3.1, any p, q satisfying the above linear system are equilibrium prices,

and vice versa. That is, the above system represents all equilibrium prices.

Now we want to maximize q𝑇𝑌0/p𝑇𝑋0 under the above constraints. Applying a linearization

scheme for fractional programs (see, e.g., [2]), we can reformulate the problem of evaluating 𝐸0,

with a new variable 𝑡 :
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max q𝑇𝑌0
s.t. q𝑇𝑌𝑖 − p𝑇𝑋𝑖 + b𝑖 = 0, ∀𝑖,

p𝑇𝑋0 = 1,

(𝐵𝑙/𝑢𝑙 (z∗𝑙 ))∇𝑢𝑙 (z
∗
𝑙
)𝑡 − q + 𝝁𝑙 = 0, ∀𝑙,

p𝑇 (𝑊 −∑𝑚
𝑖=1 _

∗
𝑖 𝑋𝑖 ) = 0,

q𝑇 (∑𝑚
𝑖=1 _

∗
𝑖 𝑌𝑖 −

∑𝑛
𝑙=1

z∗
𝑙
) = 0,

b𝑖_
∗
𝑖 = 0, b𝑖 ≥ 0, ∀𝑖,

𝝁𝑇
𝑙
z∗
𝑙
= 0, 𝝁𝑙 ≥ 0 ∀𝑙,

p ≥ 0, q ≥ 0, 𝑡 ≥ 0.

(13)

Note that the above is a linear program. Note that the first two constraints correspond to those of

the CCR model (2), implying that any firm cannot attain an efficiency score greater than 1. We can

interpret that additional constraints derived from the KKT conditions identify equilibrium prices.

Now, we introduce a useful observation: some efficient firms, i.e., those achieving 𝐸𝑖 = 1, can

be directly identified by just seeing whether _∗𝑖 > 0. For such 𝑖 , b𝑖 = 0 since b𝑖_
∗
𝑖 = 0. This implies

that q𝑇𝑌𝑖 − p𝑇𝑋𝑖 = 0, which is equivalent to q𝑇𝑌𝑖/p𝑇𝑋𝑖 = 1. That is, firm 𝑖 with _∗𝑖 > 0 is efficient.

Therefore, we only need to calculate the efficiency of firms with _∗𝑖 = 0.

4.2 Expenditure functions
Now, we represent equilibrium prices by using the dual program (10). Suppose that we solve the

dual problem and know the optimal value, say 𝑑∗. Then, the set of all optimal solutions of (10) (and

all equilibrium prices) is represented by

(E1) q𝑇𝑌𝑖 ≤ p𝑇𝑋𝑖 , ∀𝑖,
(E2) 𝑒𝑙 (q) ≥ [𝑙 , ∀𝑙,
(E3) 𝑑∗ ≥ p𝑇𝑊 +∑𝑛

𝑙=1
(𝐵𝑙 log𝐵𝑙/[𝑙 − 𝐵𝑙 )

(E4) p ≥ 0, q ≥ 0,
(E5) [𝑙 ≥ 0, ∀𝑙 .

(14)

Then, evaluating 𝐸0 can be cast as the problem of maximizing q𝑇𝑌0/p𝑇𝑋0 under (E1)-(E5), which

is a fractional program. Applying a convexification technique (see [11]), we have an equivalent

convex formulation with an additional variable 𝑡 :

max q𝑇𝑌0
s.t. q𝑇𝑌𝑖 ≤ p𝑇𝑋𝑖 , ∀𝑖,

p𝑇𝑋0 = 1,

𝑒𝑙 (q) ≥ [𝑙 , ∀𝑙,
𝑑∗𝑡 ≥ p𝑇𝑊 +∑𝑛

𝑙=1
𝑡 (𝐵𝑙 log𝐵𝑙𝑡/[𝑙 − 𝐵𝑙 )

p ≥ 0, q ≥ 0, 𝑡 ≥ 0,

[𝑙 ≥ 0, ∀𝑙 .

(15)

One can easily show that the above is, indeed, a convex program.

5 INTERPRETATION
We now interpret our framework geometrically. We start with observing that any feasible solution

to the CCR model (2) represents a supporting hyperplane of 𝑇 . Suppose we have a feasible solution

of the CCR model, p, q and let’s consider the hyperplane defined as

𝐻 : p𝑇 x − q𝑇y = 0. (16)
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Table 1. Efficiency scores in three different markets

Efficiency Score 𝐸𝑖
firm 𝑖 𝑌𝑖 M0 M1 M2

1 (3, 5) 1 0.9167 1

2 (5, 2) 1 1 0.8750

3 (1, 6) 1 0.6667 1

4 (1, 3) 0.5385 0.4167 0.5385

5 (3, 2) 0.6667 0.6667 0.6250

6 (2, 4) 0.7692 0.6667 0.7692

7 (4, 4) 1 1 1

We show that p𝑇 x′ − q𝑇y′ ≥ 0 for all (x′, y′) ∈ 𝑇 . From this, we can deduce that 𝐻 is a supporting

hyperplane of 𝑇 , together with the fact that 𝐻 always meets 𝑇 at the origin.

For (x′(≥ ∑𝑚
𝑖=1 _𝑖𝑋𝑖 ), y′(≤

∑𝑚
𝑖=1 _𝑖𝑌𝑖 )) ∈ 𝑇 , we have: p𝑇

∑𝑚
𝑖=1 _𝑖𝑋𝑖−q𝑇

∑𝑚
𝑖=1 _𝑖𝑌𝑖 =

∑𝑚
𝑖=1 _𝑖 (p𝑇𝑋𝑖−

q𝑇𝑌𝑖 ) ≥ 0. As well, one can easily show the opposite direction, i.e., any supporting hyperplane of𝑇

in the form of (16) corresponds to a solution to (2) (if p ≠ 0).
We now denote the social welfare function by using z:

𝑈 (z) = max{
𝑛∑
𝑙=1

𝐵𝑙 log𝑢𝑙 (z𝑙 ) :
𝑛∑
𝑙=1

z𝑙 ≤ z}. (17)

Note that the primal convex program (8) is, in fact, equivalent to

max{𝑈 (z) : x ≤𝑊, z ≤ y, (x, y) ∈ 𝑇 }. (18)

Using the duality of (18), one can show that output equilibrium prices q correspond to the gradient

of the social welfare function 𝑈 at an optimal solution. In other words, the hyperplane generated

by q in the “output space" is tangent to both𝑈 and 𝑇 . Though we omit the formal details in this

paper, a graphical illustration of our analysis would gain some intuitions.

5.1 Illustration
We consider markets comprised of 7 firms. The production activity of each firm is written in the

first column of Table 1. We assume that firms utilize one type of input and 𝑌𝑖s were produced using

one unit of this input.

Market 0, M0. We do not consider consumers in this market. We apply the standard CCR

model to this market.

Market 1, M1. Themarket consists of consumers 𝑙 = 1, 2, whose budgets are𝐵1 = 1/2, 𝐵2 = 1/2
and utilities are 𝑢1 (z1) = 𝑧0.9

11
𝑧0.1
12
, 𝑢2 (z2) = 𝑧0.6

21
𝑧0.4
22
. A simple calculation shows that the social

welfare function 𝑈 in this market is also a Cobb-Douglas function (denoted by 𝑈1 in Fig.

1.(b)).

Market 2, M2. In this market, there is one consumer, who has a Leontief utility, 𝑢1 (z1) =

min{𝑧11/3, 𝑧12/5} and the budget 𝐵1 = 1. This function is also the social welfare function of

M2 (denoted by𝑈2 in Fig. 1.(c)).

In Fig. 1.(a), we depict the production possibility set 𝑇 (in output space). As analyzed previously,

the gradient of each dashed tangent line corresponds to a solution of the CCR model (2). In Fig. 1.(b)

and (c), we also demonstrate the social welfare function of each market; in (b), there is only one

dashed line that corresponds to output equilibrium prices; in (c), all hyperplanes that are in-between

the two dashed line correspond to output equilibrium prices.
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Note that the choice of prices are much restricted in (b) and (c), compared to (a). This empowers

a discrimination ability for efficiency measurement. Let’s see the efficiency scores 𝐸𝑖s in M0 in

Table 1. More than half of firms are efficient, i.e., attain 𝐸𝑖 = 1. However, the numbers of efficient

firms are reduced inM1,M2. As well, except for firm 7, the efficient firms in M0 fail to achieve

𝐸𝑖 = 1 inM1 or M2.

6 CONCLUSION
In this paper, we have presented a framework for incorporating consumers’ preferences into DEA

via Fisher market equilibria. Based on convex programming, our models are computationally easy,

as the standard DEA models. As well, since we use equilibrium prices, the efficiency scores obtained

from our models can be interpreted as ones that are attainable at an equilibrium in a competitive

market. The example in this paper suggests that our models have a better discrimination ability for

measuring efficiency, compared to the standard CCR model.

Through this paper, consumers are regarded as market participants. In applications, however,

the consumers can be replaced with decision-makers or experts. In this case, the decision-makers

are not actual market participants, but we can conduct ‘what if’ analysis under the assumption

that they participate in the market. In such an analysis, budgets 𝐵𝑙 s can be defined by relative

importance weights of decision-makers.

The practical and empirical aspects of this paper would be an important subject for future

developments. For example, comparing our methods to the classical DEA models with real-world

data would be interesting work.
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firm 1
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firm 3

firm 4

firm 5
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𝑦1

𝑦2

(a) M0: No preference

𝑈1

𝑦1

𝑦2

(b) M1: Cobb-Douglas preference

𝑈2

𝑦1

𝑦2

(c) M2: Leontief preference

Fig. 1. Production possibility set, social welfare functions, and equilibrium prices
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